ON FREE PRODUCTS OF POLISH GROUPS 



KONSTANTIN SLUTSKY 



Abstract. Using generalized Graev metrics we introduce a notion of free products of Polish groups and 
study its basic properties. We also show that any two Polish groups G and H can be embedded into a larger 
Polish group in such a way that the subgroup generated by G and H is naturally isomorphic as an abstract 
group to the free product G * H. 
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1. Introduction 



In recent years L. Ding and S. Gao significantly expanded the theory of Graev metrics and introduced 
generalized Graev metrics, which turned out to be very useful in approaching questions about existence of 
surjectively universal objects (see [2H3]). In the category of abstract groups free products can be characterized 
by their universal property: every homomorphism from factors extends uniquely to a homomorphism from 
the free product. Based on the point of view of generalized Graev groups we introduce free products of 
Polish groups and describe the universal property it satisfies. In Theorem 13.51 we also show that for Polish 
groups G and H one can find a Polish group T and embeddings ipG '■ G — > T, i/jh ■ H — > T such that the 
natural homomorphism (of abstract groups) ip : G * H — >• (V>g(G), ipn(H)) is an isomorphism. 

To fix terminology recall that a Polish group is a separable completely metrizable topological group. A 
metric group is a pair (G, d), where G is a topological group and d is a compatible left- invariant metric. We 
say that a map <fr : X —> Y between metric spaces (X,dx) and (Y,dy) is Lipschitz if dy (0(cci), ^(a^)) < 
dx{x\, X2) for all Xi,x% £ X. Such maps are usually called 1-Lipschitz, but since we shall not use iC-Lipschitz 
maps for any other K, the constant will be omitted. A homomorphism <fi : G — > H between topological 
groups is called an embedding if it is continuous, injective, and its inverse </> _1 : 4>{G) — > G is also continuous. 
Recall that any metrizable topological group G admits a group completion: if d is a compatible left- 
\ invariant metric on G, then ^'(51, (72) = d(g^ 1 , g^ 1 ) is a compatible right- invariant metric and the Hausdorff 

completion of the metric space (G,d + d') admits a unique extension of group operations, which turns the 
completion into a completely metrizable group. If G is a metrizable topological group, G\ is the completion 
. of G and <f> : G — > H is a continuous homomorphism into a completely metrizable group H , then (f> extends 

to a continuous homomorphism (f> : G\ — > H (see, for example, [TJ p. 6]). 
A norm on a group G is a function N : G — > K + such that 

(i) N(/) = if and only if / = e; 

(ii) N(/)=N(/- 1 ); 

(hi) N(/ 1 / 2 )<N(/ 1 )+N(/ 2 ). 

Any norm gives rise to a left-invariant metric d(fi, f%) — N(/ 1 " 1 /2), and for any left-invariant metric d the 
function / i-> d(f, e) is a norm. 

We now recall the framework and some results from Ding-Gao [4]. A pointed 
metric space is a triple (X,e,d), where (X,d) is a metric space and e G X is a 
distinguished point. The symbol e will denote distinguished points of pointed metric 
spaces and identity elements of groups; to which group or metric space it is referred 
will be clear from the context. Let X" 1 denote a copy of X with elements of X -1 
being formal inverses of the elements of X with the agreement X DX^ 1 = {e}, that 
is, e _1 = e. Extend d to a metric on X^ 1 by declaring d(x~ 1 , y^ 1 ) = d(x,y) for 
all x, y £ X. Let (X, e, d) denote the amalgam of (X,d) and (A _1 ,<i) over the 
subspace e E X Ci X^ 1 . In other words, X = X U X^ 1 and d(x, = d(x, e) + d(e, y). We can extend the 
inverse x ^ x~ 1 to a function on X by setting (a; -1 ) -1 = x. To summarize, starting from a pointed metric 
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space (A, e, d ) we constructed in a canonical way a pointed metric space (A, e, d ), X is a subspace of X and 
the function X 3 x i— > is an isometric involution. We shall say that X is obtained from X by adding 
formal inverses. 

Definition 1.1 (Ding-Gao). A scale on a pointed metric space (X, e, d) is a function r : X x M+ — > M+ 
satisfying for all a; G X and all r G R + 

(i) T(e,r) = r, r(x,r) > r; 

(ii) T(x, r) = if and only if r = 0; 

(hi) r(a;, •) is a monotone increasing function with respect to the second variable; 

(iv) lim r(x, r) = 0. 

r— >o 

By a scaled space we mean a tuple (X , e, d,T), where X is obtained from some pointed metric space X 
by adding formal inverses and T is a scale on X. We shall denote scaled spaces with bold letters X, Y, etc. 

For a set X let W(A) denote the set of nonempty words in the alphabet X. Let w £ W(A) be a word 
of the form w = x\ ■ ■ ■ x n for some x-i G X. Integer n is the length of the word w and it is denoted by \w\. 
A match on w is a bijection 6 : {iei, . . . , x n } — > {xi, . . . , x n } such that 6(Q(xij) = X{ for all i, and there are 
no i < j such that 0[xi) = Xk, 9(xj) = %i and i < j < k < I. In other words we can think of a match as a 
set of arcs connecting letters of w such that two arcs are either disjoint, or one of the arcs is contained in 
the other arc. A subword of w is any word u of the form Xi x ■ ■ ■ Xi k for some 1 < %\ < %% < . . . < ik < n. If 
is a match on w and 6({xi t , . . . , Xi fc }) = {a;^ , . . . , Xi k }, then the restriction of on the set {x^ Xi k } 
is a match on u, but we shall abuse terminology and say that 9 itself is a match on u in this case. The 
concatenation of words W\ and is denoted by W\W2- 

Let X = (X,e,d, F) be a scaled space. We stress that W(X) denotes the set of all words, as opposed to 
denoting the set of reduced words. Following [4 , for a match 8 on a word w G W(X) we define a number 
N e (w) by induction on the length of w as follows. 

(i) If w = x for some x G X, then N e (w) = d{x, e); if w = a;ia;2 and = ^2, then N 9 (ui) = d[xi, x^ 1 )- 

(ii) If 9(x\) — Xk and fc < \w\, then u> = u\Ui for some words tij G W(X) with ui| = k, \u2\ = n — fc, 6 is 
a match on both i*i and tta, and we set N e (u>) = N e (iti) + N e («2). 

(hi) If 6{x\) — x n , n — \w\, then let w = X\ux n for u G W(A), X\,x n G A, is a match on it and we set 

N e (te) = d( Xl , x" 1 ) + min {r ^ , N e («)) , T (x n , N e («)) } . 

Let F(A \ {e}) be the free group over the set X \ {e}. We view A as a subset of F(X \ {e}) and e G X is 
identified with the identity element of F(X \ {e}). There is a natural evaluation map • : W(A) — > F(X \ {e}) 
that sends a word to the product of its letters; this map is surjective. The norm N(/) of / G F{X \ {e}) is 
defined by 

N(/) = inf |N e (w) : w G W(A), w = f and 9 is a match on w\. 

Proposition 1.2 (Lemma 3.6, Theorem 3.9, [4]). The function f h-> N(/) is a norm on t/ie group F(A\{e}), 
and the latter is a topological group in the topology o/N. The natural inclusion map X <—} F(X \ {e}) is an 
isometry. 

The norm N is called the Graev norm of the scale T. We shall denote by F (X) the free group F(X \ {e}) 
together with the Graev norm N and we shall view A as a subset of F (X). 

A canonical scale on a metric group (G, d ) is a map Sg ■ G x K+ — } K + defined by 

Soig, r ) — max |r, sup {d(g~ 1 hg, e) : h E G, d(h, e) < r} |. 

Let X = (A, e, d, T) be a scaled space, (G, do) be a metric group and Tg be a scale on G. A map <j) : X — > G 
is called a Lipschitz morphism with respect to the scale Tq if for all x,y G A and all r G K + 

(i) 0(e) = e; 

(ii) 0(x- 1 )=^)- 1 ; 

(hi) d G (4>{x),(j)(y)) < d(x,y); 
(iv) r G (<f>{x),r) <T(x,r). 
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We say that is a Lipschitz morphism, if it is a Lipschitz morphism with respect to the canonical scale Sq- 
For a scaled space X let F(X) denote the group completion of F(X). Note that F(X) is usually not a 
free group. 

Proposition 1.3 (Lemma 3.7, 4 ). Let (f> be a Lipschitz morphism from a scaled space X into a metric 
group G. The map <j) extends to a Lipschitz homomorphism <j) : F(X) — > G. If G is completely metrizable, 
then 4> can be further extended to a continuous homomorphism cf> : F(X) — > G. 



2. Unions of scaled spaces 

Definition 2.1. Given two scaled spaces X = (X ,e,dx,Tx) and Y = (Y, e,dy,Ty) we define their union 
Z = (Z, e, d, r) to be the amalgam of X and Y over e. More precisely, if Z is the amalgam of metric spaces 
X and Y over the subspace e, then as a metric space X U Y is obtained from Z by adding formal inverses. 
Note that Z is also the amalgam of X and Y over e; in other words X U Y = X U Y. The scale r on Z is 
the union of scales Tx and Ty. 



T(z,r) 



T x (z,r) ifzeX, 
T Y (z,r) ifzeY. 

The union of scaled spaces X and Y is denoted by X U Y. 



Let X and Y be scaled spaces and let ir x ■ X U Y — > X be the retract map 

Kx(z) 



z if z e X, 
e if z e Y. 



This map is Lipschitz and it extends to a surjective group homomorphism ttx ■ F(X U Y) — > F(X). 
Proposition 2.2. The homomorphism irx ■ F(X U Y) — > F(X) is Lipschitz. 

Proof. Let / 6 F(X U Y) be given. Let N x be the Graev norm on F(X) and let N be the Graev norm on 
F(XUY). Pick w G W(lu7), w = /, and a match 9 on w. We need to show that N x (tt x (/)) < N(/), and 
for this it is enough to find a word u 6 W(X) and a match [i on u such that u = irx(f) and N M (u) < N e (u>) 
(note that N x (u) — N^(u) because X is a subspace of X U Y, and therefore we omit the subscript). If 
w = z\ ■ ■ ■ z n with Zi £ X U Y, set u = z\ ■ ■ • z n with = irx{zi). We can view 9 as being also a match on u. 
Since ttx '■ X U Y — > X is Lipschitz, we have d(zi, zj 1 ) > d(zi, zj 1 ) for all i,j. By item (JTJ) of the definition 
of the scale, T(z, r) > r(n x (z), r) for all r € R + and all z £ X U Y. It now follows from item (jm} of the 
scale and from the definition of the norm that ~N e (u) < N (w). □ 

The homomorphism ttx being Lipschitz is therefore continuous and thus extends to a continuous homo- 
morphism ttx : F(X UY)4 F(X). Note that tt x (/) = / for any / G F(X) and that tt* (/) = e holds for 
all / G -F(Y). Of course, we also have a continuous homomorphism ny ■ F(K U Y) — > F(Y). 

Corollary 2.3. Lei X and Y &e scaled spaces and let XUY be their union. The inclusion F(X.) » F(XUY) 
?s isometric. 

Proof. Let N denote the Graev norm on F(X U Y) and let N x be the Graev norm on F(K). We need to 
show that for all / G F(X) one has N(/) = N x (/). By definition 



N x 



N 



(/) = inf |n 9 (ui) : w G W(X), w = f and 9 is a match on w\, 
(/) = inf |n 9 (w) : w G W(X U Y), w = f and 9 is a match on wj, 



and therefore N(/) < N x (/). The reverse inequality follows immediately from nx{f) = f for / G F(X.) and 
Proposition EH □ 



Corollary 2.4. Inclusion F(X) F(X U Y) extends to F(X) F(X U Y). 
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3. Free products of Polish groups 

For this section we fix two Polish groups G and H. Scaled spaces are assumed to be separable, and 
therefore the groups F(X) are Polish. 

Let X and Y be scaled spaces, and let <p G '■ X — > G and <j)n ■ Y — > H be surjective Lipschitz morphisms 
with respect to some compatible left-invariant metrics on G and H . By Proposition 11.31 they extend to 
surjective homomorphisms <f> G : F(X) — > G and 4>h ■ F(Y) — > H with kernels 91g and respectively. 
We note that as proved in [H Theorem 3.10], for any Polish group G there are plenty of surjective Lipschitz 
morphisms (f> : X — » G, and moreover, one may always take X = N N . Note also that G is isomorphic 
to F(X)/D f lc with the quotient topology (see, for instance, [TJ Theorem 1.2.6]). We shall identify G with 
F(X)/%3 and H with F{Y)/m H - ByCorollary we can view 9t G and %l H as subgroups of F(X U Y). 
Let ViQ^ H be the normal subgroup of F(X U Y) generated by 9Tg and ^Rh 

W° g *h = {hwifr 1 ---fnw n f- 1 , neN, /,£ F(XUY), w t e <9T G ,^)}. 

Let 9lG*ff be the closure of 9t G *# • 

Lemma 3.1. In the setting above t^x(^g*h) = 9^g- 

Proof. If it; G ^G*ff is of the form 

W = /iWl/f 1 • • • f n W n f-\ fi G F(X U Y), Wj G 0%}, 

then 

7T X (w) = 7r X (/ 1 )7r X (wi)7r X (/ 1 ) _1 • • •7Tx(/„)7T X (w n )7r X (/„) _1 G9t G , 

because 7Tx(n>i) G 9tG, TTx(fi) & -F(X) and *Tt G is a normal subgroup in F(X). Thus ^x{^°g*h) = and 
therefore also nx (^Ig*h) = ^G, since D^g is closed. □ 

A Polish free product of G and H over 4>g and 4>h is the group F(X U Y)/TtG*H; we denote it by 
G $ G *$ H H. The free product comes with homomorphisms i G '■ G — >• G ^ G * < p H H , lh '■ H — > G ^ G * c f >H H and 
ttg : G 0G * 0H # -> G, tth : G 4>G * cj)H H^H given by 

lg{Wg) = fm G * H , lh{Wh) = fm G * H , 

ttg(/^g*h) - n x (f)m G , TT H {fVl G *H) = n Y (f)m H . 

Note that ir G and tth are well-defined by Lemma |3~T1 Note also that 7r G (t G (#)) = 9 and 7Tjj(iff(/i)) = h for 
all g G G and /i G H. 

Proposition 3.2. Let's., Y, <f> G , <\>h and G ^ * ( j >H H be as above. Let d G and dn be compatible left- invariant 
metrics on G and H with respect to which 4>g and are Lipschitz morphisms. 

(i) The homomorphisms l g and lh are injective. 

(ii) The homomorphisms t G and lr are continuous. 
(Hi) The homomorphisms 7r G and tth are continuous. 

(iv) i G {G)r\L H {H) = {e}. 

(v) The group generated by L G (G) and lh{H) is a dense subgroup of G < j >G * l j >H H . 

(vi) If (T,dx) is a Polish metric group, ipQ : G — > T, tpn : H —> T are Lipschitz homomorphisms (with 
respect to dc and dn ) and St("4>g(9)i r ) < S G {g, r ), St{4>h (h), r) < 6>ir(/i, r) for all g G G , h G H and 
r G R + . then there is a unigue continuous homomorphism tp : G ,j, G *^ H H — > T such that ip o lq — ipc 
and ip o l h = ipff. 

Proof. (0) To show that t G is injective it is enough to check that ?Hg*h H F(X) = < R G . If / G yi G * H D F(X), 
then / = nx(f) G ttx{^g*h) = ^G, by Lemma [3~T1 hence / G ^TIg- 

(|Ii]) Let d be a compatible right- invariant metric on F(X U Y). This metric induces compatible right- 
invariant metrics on the factor groups _F(X U Y)/ < XIg*h and F(X)/9^g (see [51 Lemma 2.2.8]) 

di{fim G *Hj2 s yiG*H) =inf {d(fiki,f 2 k 2 ) : h,k 2 G Ol G »ff}, 
d 2 (fim G , f2m G ) =inf {d(fxkx, f 2 k 2 ) : fci.fa 6*Hg}. 
With respect to the metrics d\ and d 2 the homomorphism i G is Lipschitz, hence continuous. 
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(jiirj) It is enough to prove that ttq is continuous at the identity, i.e., that f n ^-G*H — > < ^g*h implies 
7r x(/n)^G ^G- The sequence fn^-G*H converges to ^\g*h if and only if there is a sequence of h n G < XIg*h 
such that f n h n — > e. This implies Trx(fn)^x(h n ) — ¥ e with irx(hn) G 9t G by Lemma 13. 11 and therefore 

7T G (/n^G*if)=7rx(/n)^G^^ G . 

© If f?l G *H G tc(G) n t ff (jr), then /9W = h^G*H = f2^G*H for some h G F(X) and / 2 G F(Y). 
Therefore 7rx(/9t G *ff) = ?rx (/l^lc*^) = 7rx(/29tG*ff), but 70c(/i9l G * ff ) = /i9t G and 7tx(/2^g*h) = 9T G , 
whereby /i £ 9I G and thus fVlc*H = ^\g*h- 

(jvj) This item is obvious, since the group generated by the images of lq and lr is nothing else but 
(F(X),F(Y))m G * H . _ 

T 



(jvi]) Maps ipG°4>G 
given by 




T arc Lipschitz morphisms and so is the map £ : X U V 



^ G o0 G (z) if z e X, 
iI>h°4>h{z) iiz&Y. 

By Proposition 11.31 £ extends to a continuous homomorphism £ : F(X U Y) — > T. Since £ extends both 
° 0G and ^ff ° fe, the kernel of £ contains 9Ig and 9t#, and therefore also 9t G *//. Thus £ factors to a 
continuous homomorphism if) : G ( j 1G * ( j >H H — >• T. Uniqueness follows from item (jvj). □ 

Note that items (jlj), (jnj) and (jnlj) imply that t G and are embeddings. The homomorphisms t G , t# can 
be extended to a homomorphism from the free product of abstract groups i : G * H — > G ^g*^^ H. 

Question 3.3. Is the homomorphism i injective for all choices of 4>G> 0H? 

While we cannot answer this question in full generality, we shall show in Corollary 13.61 that the answer is 
yes when <j)Q and <pjj are "large enough" . 

Lemma 3.4. Let f E G * H be a non-trivial element in the abstract free product. There are a Polish 
group T and two embeddings ipo '■ G — > T and ipn '■ H — > T such that for the common extension of these 
homomorphisms ip : G * H — > T one has ip{f) ^ e. 

Proof. Let / G G*H be given. By conjugating / with an appropriate /3 G G*H we may assume without loss 
of generality that / is of the form / = g n -ih n -i ■ • • So^o for some n > 1 with non-trivial gi G G and hi G H . 
By a theorem of Uspenskij [7] (see also [Bj Theorem 9.18]) the group HomeoQO, 1]") of homeomorphisms 
of the Hilbert Cube with the compact-open topology is a universal Polish group in the following sense: 
any Polish group can be embedded into Homeo([0, l] w ). In particular, G and H can be embedded into 
Homeo([0, 1]"); to simplify notations we assume that G and H are actual subgroups of Homeo([0, l] w ). Note 
that aHa^ 1 is a copy of H inside Homeo([0, 1]") for any a G HomeoQO, 1]"). To prove the lemma it is 
therefore sufficient to construct a homeomorphism a G HomeoQO, 1]") such that for some xo G [0, l] w 

g n -iah n -ioT ■ ■ ■ g ah a~ 1 (x ) ^ x . 

Pick any xo G [0, 1]" and any x\ G [0, 1]" such that x\ ^ xo and h (xi) g" {x\,Xq}; set x 2 = h (x\). Pick 
any x% G Homco([0, 1]^) such that x% g" {xo, x\,x%} and go{xz) ^ {xo, Xx, x%, £3}; set X4 — go(x3). Note that 
if h G Homeo([0, 1]") is non-trivial, there is an open set U C [0, 1]" such that h(x) ^ x for all x G [0, 1]^. 
Using this observation and that all and hi are non-trivial we continue in this fashion and construct a 
sequence (£fc)fc=i such that 

(i) Xi ^ Xj for i ^ j; 

(ii) h k (xik+\) = x 4 k+2 for k = 0, ...,n- 1; 

(iii) gk{x4k+z) = x ik +4 for k = 0, . . . , n - 1. 



x , 



X3 



.9o 



, X4 



Xir. 



X&n-l < 



1 ^4n 



a 



Xl 



h 



,x 5 



Xir. 



hn-1 



tX^a-2 



Figure 1. Construction of the homeomorphism a. 
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For all m S N the space [0, l] w is m-homogeneous: for tuples (yi, . . . , y m ) and (zi, . . . , z m ) of distinct 
elements there is a homeomorphism h € Homeo([0, 1]") such that = Zi (see, for example, [H Exercise 

2, p. 261]). Whence there is some a E Homeo([0, 1]") such that o^rr^+i) = and et^fc+a) = £4fc+3 for 
all k = 0, . . . , n — 1. For such an a we have 

5 n _ 1 a/i n _io; _1 • • ■ g ah a~ 1 (x ) = x 4n , 

and Xi n ^ xq by construction. □ 

Theorem 3.5. There are a Polish group T and embeddings ij.'G '■ G c — > T , tpu : H >• T such that the group 
(iPg(G),^h(H)) is naturally isomorphic to the group G*H. 



Proof. Lemma 13.41 implies that for any non-trivial / E G * H we may fix a Polish group Tf and a homomor- 
phism tjjf : G * H — > Tt such that "0/Ig '■ G Tf and V'/l-ff : H —tTt are embeddings and ipf(f) ^ e. 

Let / E G * H be given and assume for notational simplicity that / has form <7„_i/i„_i • • • goho for 
some non-trivial ft E G, /ij £ H and n > 1. By continuity of V'/ld V'/Ij? an d since ipf(f) e > there are 
neighborhoods ^ /} C G of ft and V^ (/) C iJ of ^ such that e g C/^F^^ • • • U ( n V^ f) . Therefore we can 
select a countable family (/ m )m=i or " elements / m E G * H such that for any f £ G* H there is some m with 
V>/ m (/)^e. 

Let T = Y[ m Tf m be the direct product of the groups Tf m and let ijj : G * H be the homomorphism given 
by ip(f)(m) = ipf m {f)- The homomorphisms "0|g : G — > T and • H — >• T are embeddings. By the choice 
of the family (/ m ) we also have tp(f) ^ e for any non-trivial / E G * H and therefore the homomorphism tp 
is injective. □ 

Corollary 3.6. There are left- invariant compatible metrics do and dn on G and H respectively and scales Tq 
and Th on (G, da) and {H, du) with the following property: i/X and Y are scaled spaces and 4>G : X — s> G, 
<t>H ■ Y — > H are surjective Lipschitz morphisms with respect to the scales Tq and Th, then the canonical 
homomorphism i : G * H —t G ( j >G * ( j JH H is injective. 

Proof. By Theorem I3.5I we may assume that G and H are closed subgroups of a Polish group T and that 
(G, H) is canonically isomorphic to G * H. Let d be a compatible left-invariant metric on T and let do and 
dn be the restrictions of d onto G and H respectively. Finally, let Tq and Th be the restrictions of St onto G 
and H. By item ((v]} of Proposition ^. 21 the maps <f>o and 4>h extend to a homomorphism </> : G t j >G * ( f >H H — > T. 
Since (G, ff } = G * H, the homomorphism l : G * H G + H must be injective. □ 
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